We give convolution identities without binomial coefficients for Tetranacci numbers and convolution identities with binomial coefficients for Tetranacci and Tetranacci-type numbers.
Introduction
Convolution identities for various types of numbers (or polynomials) have been studied, with or without binomial coefficients, including Bernoulli, Euler, Genocchi, Catalan, Cauchy, Stirling, Fibonacci and Tribonacci numbers ( [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] ).Tetranacci sequence has been studied in [12, 13, 14] .
Tetranacci numbers T n are defined by the recurrence relation T n = T n−1 + T n−2 + T n−3 + T n−4 (n ≥ 4) with T 0 = 0, T 1 = T 2 = 1, T 3 = 2 (1) and their sequence is given by {T n } n≥0 = 0, 1, 1, 2, 4, 8, 15, 29, 56, 108, 208, . . .
([15, A000078]).
The generating function without factorials is given by
because of the recurrence relation (1) .
On the other hand, the generating function with binomial coefficients is given by t(x) := c 1 e αx + c 2 e βx + c 3 e γx + c 4 e δx = ∞
n=0
T n x n n! ,
where α, β, γ and δ are the roots of x 4 − x 3 − x 2 − x − 1 = 0 and because t n has a Binet-type formula:
T n = c 1 α n + c 2 β n + c 3 γ n + c 4 γ n (n ≥ 0) .
In this paper, we give convolution identities without binomial coefficients for Tetranacci numbers and convolution identities with binomial coefficients for Tetranacci and Tetranacci-type numbers.
Convolution identities without binomial coefficients
By (2), we have T ′ (x) = 1 + x 2 + 2x 3 + 3x
4
(1 − x − x 2 − x 3 − x 4 ) 2 .
Hence,
The left-hand side of (4) (T n−1 + T n−2 + 3T n−3 )x n + x 2 + 2x 3 .
The right-hand side of (4) is
(n − 1)T n−1 x n .
Therefore, we get the following result. T k (T n−k + T n−k−2 + 2T n−k−3 + 3T n−k−4 ) = (n − 2)T n−1 − T n−2 − 3T n−3 .
The identity (4) can be written as (n + 1)T n+1 x n , the right-hand side of (5) 
(−1)
Since the left-hand side of (5) is
comparing the coefficients on both sides, we obtain the following result without binomial coefficient.
where
Some preliminary lemmas
For convenience, we shall introduce modified Tetranacci numbers T (s0,s1,s2,s3) n , satisfying the recurrence relation
with given initial values T (s0,s1,s2,s3) 0 Proof. For Tetranacci-type numbers s n , satisfying the recurrence relation s n = s n−1 + s n−2 + s n−3 + s n−4 (n ≥ 4) with given initial values s 0 , s 1 , s 2 and s 3 , we have
Since d 1 , d 2 , d 3 and d 4 satisfy the system of the equations
we have
When s 0 = 40, s 1 = 64, s 2 = 215 and s 3 = 344, by α + β + γ + δ = 1, βγ+βδ+γδ = −1−(αβ+αγ+αδ) = α 2 −α−1, αβγδ = 1 and α 4 = α 3 +α 2 +α+1, we have
. Similarly, we have d 2 = 563c Lemma 2. We have we can obtain the following identity:
Comparing the coefficients on both sides, we get the desired result. 
Proof. In the proof of Lemma 1, we put s 0 = −5, s 1 = 2, s 2 = 13 and s 3 = 32, instead. We have
. Similarly, we have
Lemma 4. We have c 1 c 2 c 3 c 4 = − 1 563 .
Convolution identities for three and four Tetranacci numbers
Before giving more convolution identities,we shall give some elementary algebraic identities in symmetric form.It is not so difficult to determine the relations among coefficients.
Lemma 5. The following equality holds:
Lemma 6. The following equality holds:
Lemma 7. The following equality holds:
Now, let us consider the sum of three products with trinomial coefficients. Proof. In the proof of Lemma 1, we put s 0 = 15, s 1 = 27, s 2 = 48 and s 3 = 107, instead. We can obtain that
. Similarly, we have d 2 = 563c By using Lemmata 1, 2, 3, 5 and 8, we get the following result.
Remark. If we take D = 0, we have for n ≥ 0, 
On the other hand,
Comparing the coefficients on both sides, we get the desired result.
Next, we shall consider the sum of the products of four tetranacci numbers. We need the following supplementary result. The proof is similar to that of Lemma 8 and omitted. By using Lemmata1, 2, 3, 6, 8, and 9,letting I = 0 in Lemma 6, comparing the coefficients on both sides, we can get the following theorem.
and J = 0, we have for n ≥ 0, By using Lemmata1, 2, 3, 6, 8, and 9, comparing the coefficients on both sides, we can get the following theorem.
Theorem 5. For n ≥ 0,I = 0
, F = 6 and I = 1, we have for n ≥ 0,
Convolution identities for five Tetranacci numbers
We shall consider the sum of the products of five tetranacci numbers. We need the following supplementary result. The proof is similar to that of Lemma 8 and omitted.
Lemma 10. By using Lemmata1, 2, 3, 7, 8, 9 and 10, comparing the coefficients on both sides, we can get the following theorems.
5.1
Let B = C = D = 0, we can obtain the following theorem. 
where A = I + 2L + 2N + P + 2Q + 6R + 4S − 14,
t n and t 1 n are same as those in theorem 2 and theorem 5, respectively.
, then by A = −14, E = 5, F = −50, H = 10, J = 20 and K = 30, we have for n ≥ 0,
5.2
Let B = 0, C = D = 0, we can obtain the following theorem. Let Theorem 7. For n ≥ 0,
, then by A = 6, B = 30, E = −15, F = 60, H = 10 and I = 20, we have for n ≥ 0,
5.3
Let C = 0, B = D = 0, we can obtain the following theorem. Let Theorem 8. For n ≥ 0,
where A = I + 2L + 2N + P + 2Q + 6R + 4S − 14, 
t k2 .
5.4
Let D = 0, B = C = 0, we can obtain the following theorem. Let Theorem 9. For n ≥ 0,
where 
More general results
We shall consider the general case of Lemmata 1, 8 and 9. Similarly to the proof of Lemma 1, for tetranacci-type numbers s (n) 1,n , satisfying the recurrence relation s
1,2 and s (n) 1,3 , we have the form 
where s
1,3 and A (n) 1 satisfy the recurrence relations:
(4s
, M , N and P are determined in the proof.
Proof. By d
we can obtain the following recurrence relation:
, B = 5s
+ 5s
− 5s
, C = 5s
+ 2s
, D = 5s
, F = −5s
, G = 2s
+ 6s
, I = 4s
, J = −3s
We choose the symbol of s
Next we shall consider the general case of Lemma 3. Similarly to the proof of Lemma 3, for tetranacci-type numbers s (n) 1,k , satisfying the recurrence relation s
1,2 and s 
satisfy the recurrence relations:
Proof. By r
, we can obtain the following recurrence relation:
− 16s
+ 158s
− 71s
, B = 103s + 69s
, L = 20s
As application, we compute some values of s
for some n. 
1,1 ,s
1,m is determined in theorem 12. Theorem 15. For m ≥ 0, n ≥ 1,I = 0,
,
1,m is determined in theorem 12.
Lemma 7 will be discussed in four cases.
, where A = I + 2L + 2N + P + 2Q + 6R + 4S − 14, Theorem 17. For m ≥ 0, n ≥ 1,
, where 
1,m and t
2,m are determined in theorem 12 and 15, respectively.
Theorem 19. For m ≥ 0, n ≥ 1,
Some more interesting general expressions
We shall give some more interesting general expressions.
Lemma 11. For n ≥ 1, we have 
